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EFFECT OF PRODUCT OF INERTIA ON LATHERAL STABILITY
By Leonard Sternfileld

SUMMARY

A theoretical investigation was mads to determine the effect
of the product-of-inertia terms in the lateral equations of motion
on the lateral-stebllity boundaries. The product of inertia
results from the Inclination of the principal longitudipal axis of
the airplane to the flight path.

The results of the calculations indicated that the product-
of vinertia terms should be included in the lsteral equations of
motion to determine the lateral stabliity of an airplane. The
valus of the dlrectional-stability derivative CnB requirsd for

stabillity, as determined from the ecalculations which include the
product of inertia caused by the inclination of the principal
longlitudinal axis above the flight path, is considerably less than
the value predicted by calculations neglecting the product-of-
inertia terme. (LA s/ ? 1 /,o-rv‘wc

INTRODUCTICON

Recent flight tests and teste In the Langley free~flight tunnel
indicated a discrepancy between the observed and calculated conditions
for dynamic lateral stability. It was suggested that the discrepancy
might be the result of neglecting terms in the equations of motion
Involving the product of inertia.

The theoretical investigations of the lateral stabllity of air-
plangs undertaken in the past have for the most part neglected the
effect of the inclination of the principal longltudinal exis of the
airplane to the flight path on the oscillatory-stability boundary.
(Ses references 1 to 3.) In the appendix of reference 1, Zimmermsn
mentions that the results of supplementary calculationg indicated

., - that to neglect the angularity of the principal axis to the flight

path did not seriously effect the oscillatory-stability bowndary in
the normal-flight range and gave slightly conservative results. The
results of reference 1, consequently, are based on lateral equations
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of motion from which the effect of the Inclination of the principsal
axis Yo the flight path are omitted, namely, the terms including the
product of lnertisa.

For the range of airplane paramelers Investigated by Zimmermsn,
the product-of-inertia terms probably have a smell stabllizing
effect on the oscilllatory-stebility boundary. However, the effect
of product of inertia on the results of stability calculations
covering the range of perameters of present-day airplanes designed
for high-speed, high-altitude flight ~ that is, high values of the
relative~density factor u, & large increase in the effective-
¢ihedral parameter C B caused by the use of swept-back wings, and

the changs in the mass distributlon of the airplane - has not been
Investigated.

In the present investigation, calculatiens were made to determine
the effect of the product of inertia on the requirements for lateral
stebllity. The results of the computations were piotted as a function
of the directional-stability derivative CIl and the effective~

dihedral parsmster Czﬂ. P " e

-
SYMBOLS

v alrspeed, feet per second

p mags denslty of air, slugs per cubic foot

q dynemic pressure, pounds per square foot (:%pve)

b wing span, feet

S wing area, sQuare Teet

L weight of alrplane, pounds

m mass, slugs (W/g)

g acceleration of gravity, feet ver second per second

i relative~density factor (uﬂf) :

.05b
kX radius of gyration about principal longitudinal axis, feet -
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radius of gyration sbout principal normal axis, feet

moment-of ~inertia coefficient about principal longitudinal
axis

noment-of-inertia coefficient about principal normal axis
moment~of ~inertia coefficient about flight-path axis

moment~of~inertia coefficient about axis normal to flight
path

product-of-inertia coefficient with respect'to flight path
and axis normal to flight path

1ift coefficient (Jf_ cos 7)

gs

rolling-moment coefficlent Bﬁlli28§%9292$>
q

yawing-moment coefficient (Yawing moment
g3b

lateral-force coefficient (Lateral force)
) )

angle of bank, radians

azimuth eangle, radians

angle of gideslip, radians

yawing anguler velocity, radians per second (dv/dt)

rolling engular velocity, radians per sscond (d4¢/dt)

effective~dihedral derivative, rate of change of
rolling-moment cosfficient with angle of sldeslip,
per radian QBCZ/BB)

directional-stability drrivative, rate of change of

yawing-moment coefficient with angle of sideslip,
per radien (an / BB)
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lateral-force derivative, rate of change of lateral-force
coefficient with angle of sideslip, per radien (acy/ap)

danmping=in-yaw derivative'"rate of change of yawing-moment
coefficient with yswing-angular-velocity factor,

y .L"b\

per radian (?Cn/a?v/

damping-in-roll derivative, rate of change of rolling-moment
coefficient with rolling-angular-veloclty factor,

per radian (?CZ/B§$>
)

rate of change of yawing~moment coefficient with rolling-
angular-velocity factor, per radian (acn/a§$)
A% [

rate of change of rolling-moment coefficient with yawing-

ar.gular-velocity factor, per radian (?Cz/ %y

rate of change of lateral-fcrce coefficient with rolling- .

angular-velocity fector, per radisn (BCY/d;i)
\ "/

rate of change of lateral-force coefficient with yawing-

angular-velocity factor, per radian (ﬁCY/a?Dl

time, seconds
differential operator (d/dt)

angle of sweepbsck, degrees

angle of attack of principsl longitudinal axis of airplane,
positive when principal axls is above flight, nath, degrees
(see fig. 1)

angle of flight path to horizontal, positive in a climb, .
degrees (see fig. 1)

angle betwsen reference axis and horizontal, positive when s
rererence axls is abevs horizontal, degrees (see fig. 1) '
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»

€ angle between reference axis and principal axis, positive
when reference axis ig above principal axis, degrees
(see Ffig. 1) -

R Routh's discriminent

EQUATIONS OF MOTICN

The linearized equatlions of motion, referred to the axes in
figure 1, used to calculate the spiral- and oscillatory-stability
boundaries for any flight condition, are:

e

-5 ~'~-=-=-—~2"‘L__“_~’_....----" - 2 J 2 —
’(IXO cog~n + _IZ sin T})D - CZ¢ D ’¢

Rolling

o)

e
NS S
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(IZ IX)smncosnD +cz‘,D]xy C, B =0
[o] 0 B
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e _ . e N - -
(IZ IX>sm 1 cos W DT + C quf C,B=0
o (o) , . - ¢—J - B

Sideslipping

-E-%H(D\Lr + DB) - (CL + CY@ D>¢ "(CL tan y + C v D)\V" CYBﬁ =0
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where

end

The symbols IXo and IZO represent the moments of inertia ebout the

principal axes of the alrplane. IFP the longltudinsl principel axis 1s
inclined at an angle n ‘to the flight path, the moments of inertia
about the flight-path axis and the axis normal to the flight path are:

=T 2n + I, si
%o cos n + Ze sinn

Iz = IZo coseq + IX 840
and the produst of inertis is IXZ = IZ ) ain y cos 1.
(—Jﬁ L ) el oy (Tz -.T;) tav 2y

‘——!
rad
-

fﬁf‘l Vo v— L:'l?l'
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When ¢Oem is substituted for ¢, Vet rfor v,

for B 'in the equations written in determinant form,
root of the equation

arsmd+l+m+F =0

where

A= "'IXZQ g—% + IXIZ g.‘b}y:

o
i

. 2b 20, - TymO. . 20U .
Ixzclé D+ Iy Oy = Txzng -%E Ixcn\ir 2y

- 2b . = .

TxyCy Cyc + Tyy SO €. 4 TyoCy O o + T .
+IX‘“H‘CRB+IZCZ¢Y +.§ch¢cn.-§'2}£c

= IXZCY éfcnﬁ - IZCYéCIB - IXCY\‘I,CnB - IXZcY\.!’C 7'5

- - - Cr = Gy - C,:0,. 2D
B = "Txglagln = T201.0r = ol Oy, = Cppflny <

7

and Boe"t
A must be a

«C
Byl

+ C, C CY + Cn¢ ZB V IXZCZBCL tan vy - IXCnBCL ten vy

WC93Cn  + Cyu 0,0y + Gy, Cyeln = Cyu 0y, C
Y¢ 7,\?/ B Y¢n\[; ZB sz¢n3 Y¢n¢ 'LB

F=0fC, 0. =CnC Y+ C tany (C. Cow = Gy Co
T Y zw“a) L 7("67'9! Zﬁn¢)
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The conditions necessary to obtain the oscillatory-stabillity
boundary are that the coefficients A, B, C, and E mnust be positlive
and Routh's discriminant, R = BCE - AE® - B2F, must equal zero.

The spiral~stability boundary is found by setting P = 0. The
completely stable region is therefore bounded by the curves R = 0
and F = 0, vhich are plotted as a functlon of the directional-
stabllity derivative an and. the effective~dihedral derivative CZB-

Stability Derivatives and Mass Characteristics

Calculations were made showing the effect of the product-of-
inertia terms on the oscillatory-stability boundary for & hypothetical
supersonic fighter airplane, an experimental fighter airplane, and
a model flown in the Lengley free~flight tunnel. The values of the
stability derivatives and mass characteristics of the two alrplanes
and the model are given in table I. The contribution of the tail
to the derivatives C, and Czr (see reference 2) was included

in the characteristics of the experimental fighter airplane and. the
free-flight-tunnel model but was neglected in the calculations of
the hypothetical supersonic fighter airplane.

RESULTS AND DISCUSSION

The results of the investligetion are presented in a series of
figures which show the osclllatory- and spiral-stebility boundaries
as a funciion of Cn and CZB' The golid R w O curve of figure 2

g
represents the oscillatory-stability boundary for landing flight.

for a hypothetical suporsonic fightor airplane which haos its
principal axis or fuselage inclined 5© above the flight path but
the vroduct of inertia Iyy 18 assumed to be zero. The daghed

curve in this figure is the R = 0 boundary for the same condition
with the product-of-Inertia terms Included in the equations of

motion. A ccmparison of both curves shows a large stabilizing shift

in the oscillatory-stability boundary for the case in which the product
of inertia is taken Into account. As CzB 1s increased, the value

of CnB requlred for oscillatory stability as determined by the

calculations including Ty, 1s considerably less than the value
dstermined by the calculations neglecting Igze The spiral-

stability boundary plotted in figure 2 and in subsequent figures
epplies to both sets of ‘calculations since this boundary is not a
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function of the product of inertia. This result doss not mean,
however, that the rate of divergence or convergence of the spiral
motion will be the same inasmuch as the stability equation is
different in each case. The effect of Iyy on the R =0

boundary for the seme alrplene in cruising flight is presented in
flgure 3+ The solid curve represents the case of the principal
longitudinal axis inclined 2° either above or below the flight path
but neglects the effect of Ixy. The other two R =0 boundaries
that were calculated included the effect of product of inertia.

For the case in which the principal axis 1s inclined above the
flight path, Iyxy = -0.00178, the stable region is increased;

vhereas for the case in which the principal axis is inclined below
the flight path, Iy, = 0.00178, the stable region is reduced.

The experimental fighter alrplane and the free~flight- tunnel
model were tested in flight with the principel exis inclined 16°
and 10°, respectively, above the flight path. The i itlal calcu-
lations made on the assumption that Iy, = 0 (the solid curves in

figs. 4 and 5) indicated that the airplane and model would be
unsteble in flight for the combination of CnB and CZB denoted by

the circled points in figures 4 and 5. The flight-test results,
hovever, showed that the experimental fighter airplane was stable
and the free-flight-tunnel model was marginally steble. Subsequent
calculations which included the product-of-inertia terms indicated
that the R = 0 boundary for the experimental fighter alrplane
increased the stable region to include the combination of Ch

and CZB tosted in flight and that the R =0 boundary for the

free-flight-tunnel model was shifted very close to the marginally
stable test point.

In general, the inclination of the princivel longituvdinal axis
above the flight path causes a stabilizing shift in the oscillatory-
stability boundary but the extent of the shift is a function of
other airplane parameters which are still to be investigated.

The solid curves of figures 2 to 5 mey be considered to
represent the R = 0 boundary for the actual flight conditions of
en eirplane which hes its principal longitudinal axis in line with
the flight path (Ixg = 0) provided the wings are set at an angle
of incidence to the fuselage to obtain the 1lift coefficient desired
for flight. The dashed curve on each figure would, therefore,
represent the R = 0 boundary for the same flight conditions as the
s0lld curve but with the wings set at a different angle of incidence

»
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since the principal axis is inclined to the flight path. If the
principal axis is inclined above the flight path, the angle of
ncidence which corresponds to the dashed curve is smaller than the
angle of incidence corresponding to the solid curve. If the
principal axis is inclined below the flight path, however, the wing
incidence is larger than the wing incigence of the airplane in which
the princival axis coincides with the flight path. For example,
the solid curve of figure 2 is the R =.0 bouwndary for an airplane
with the wings set at an angle of 15° to the fuselage and the
princival axis in line with the flight path; whereas the dashed
curve is the R = 0 boundary for the same airplens with the wings
et at a 10° angle of incidence and the principal axis inclined 50
avove the flight path. In figure 3, the wing incldence is 7° for
the solid curve, 5° for the case of the principal axis above the
flight path, end 9° for the case of the principal axis below the
flight path. The solld curves of figures 4 and 5 are the R =0
boundaries for the airplene and model designed with a wing Incidence
of 16° and 100, respectively; for both cases the dasi ~d curve
represents an alrplane with a wing incidence of 0°. This interpre-
tation applied to the solid curves of figures 4 end 5 is only
approximately true since the angle of attack at the tail is zero if
the wing is at 16° or 10° incidence and the principal axis coincides
with the line of flight; whereas the calculations include the effect
of the tail at an angle of attack of 16° and 10° on the stability
derivatives C and Cz .

r

Ty

A comparison of the solid and dashed curves in each figure
clearly indicates the increase in the oscillatory-stabllity reglon
for an alrplane designed with a wing set at 0° incidence, thereby
necessitating the inclination of the principal axis above the
flight path to obtain the desired 1ift coefficilent.

CONCLUDING REMARKS

The results of the analysls made to investlgate the effect of the
product of inertis on the lateral-stability boundaries emphasize the
necesaity of including the product~of-inertia terms in the lateral
equatlons of motion to determine the lateral stability of an alrplane,
The calculations I1ndicate that the inclination of the principal
longitudinal axis above the flight path causes a stabilizing shift in
the oscillatory-stabllity boundary.

Langley Memorlal Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va., August 13, 1946
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TABIE I
STABILITY DERYVATIVES AND MASS CHARACTERISTICS USED IN STARTLITY CALCULATIONS
Hypothetical supersocnic Experimentel fighter airplene‘ Free-flight-tunnel model
fighter airplane
Condition Lending Oruising Landing Landing
/S, 1b/eq £t 8o 8o 35 1.85
b, £t 20 20 kL) 3.8
o, slugs/cu £t 0.00238 0.0002 0.00238 0.00238
v, ft/sec 26k 1465 173 it
cr, 1 0.372 1 0.8
B 54 620 13 6.33
kxo' ft 2.02 2.02 5.28 0.51
k, , £t 9.64 9.6L 8.03 1.29
o
Czp, per radisn =0.197 ~0.197 =03 =017
> a4 0.2 0.0 025 ~ 0.0k 0.142 - 0.0
2 per radjen 5 929 5 cn[s(-be.il) 990“9(1:&11)
per radisn -0.0198 -0.00732 =0.029 - 0.04C -0.0406 - 0.099¢
Cnp: B3 (tazl) P8 (tail)
[ per radian =1 .47C. =1.47C =0.086 - 0.858 =0.0131 - 1.2¢C
.’ T (tasl) g (tail) C“B(tail) B (ta11)
cl’ ; per radien [ [} o] 0
?
Cy , per radian o] 0 0 0
r
per radien ~1.33C =1.33C, =0.kt3 - 2,34 ~0.00T4 ~ 1.76C
cYa’ g (ta1l) s (ta1l) 3 c“ﬁ(tan) ~0-00T 4 R (tad1)
an (fuselage), -0.25 -0.25 -0.02 0
por radlan
¥, deg 0 Q Q -9
A, deg 60 60 35 k2

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS



NACA TN No. 1193 | Fig. 1

N \ Reference oxls

N \

N
N
Principal arxis™ \
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Figure L— System of axes and angular
relationships 1n flight. Arrows indicate
positive drrection of angles. N=8-7-¢€

NATIONAL ADVISORY
COMMITTEE FOR AERONAUTICS
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Figure 2.— Lateral-stabilify boundaries for landing flight for
hypothetical supersonic fighter airplane.
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Figure 3.~ Lateral-stabilrty boundaries for cruising flight for
" hypothetical supersonic Fighter arrplane .
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Frgure 4.— Lateral-stability boundaries for landing flight
for experimental fighter airplane .
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Figure J.— Lateral-stability boundaries for landing
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